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Using the Ziman-formulation a model is derived which describes the pressure dependence of 
the electrical resistivity of d-electron amorphous alloys. It is shown how the volume dependence 
of the scattering-potential, electron-gas-properties and the Grüneisenparameter determine the 
P-dependence of a constant and a temperature dependent term in the resistivity. The absolute 
value of the resistivity is discussed. 

1. Introduction 

The temperature dependence of the electrical re-
sistivity at temperature T above the Debye-tem-
perature 6 can successfully be described by the 
Ziman-equation, if the mean free path of the elec-
trons is larger than the atomic distances [1]. At 
temperatures JT<0, this equation has to be mod-
ified, i.e. the static structure factor for the inelastic 
part should be replaced by the dynamic one. This 
formulation is called the Baym-equation [2]. 

The static structure factor contains contributions 
from elastic and inelastic scattering processes. How-
ever, for d-electron amorphous alloys, the main con-
tributions to the integral over the wave-vector q in 
the Ziman expression for Q originates from the elas-
tic part. This is shown later in Sect. 2 and 4. Where-
as the elastic part doesn't change dramatically with 
temperature, the inelastic part decreases in magni-
tude with decreasing temperature. For this reason, 
we assume that the Ziman equation holds down to 
temperatures of at least 0/2 [2]. 

Since the mean free path is only several atomic 
distances, there is some discussion in literature [3], 
if the Ziman-formulation can give a correct descrip-
tion of the situation. In this paper we would like 
to check this point by comparing theoretical predic-
tions of the P- and ^-dependence of the electrical 
resistivity with experimental results. 

The paper is organized as follows, at first a simple 
model [4] is derived, based on an effective amor-
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phous "element" [5] and then contact is made 
with experimental results for several amorphous 
alloys. 

2. The Temperature and Volume Dependence of the 
Electrical Resistivity 

For a single component system the electrical re-
sistivity can be written in the Ziman formulation 
as [1]: 

1 
• J|v(z)|2£(a;)4a;3dz, (1) 
o 

where x — q/(2k^) with kF the Fermi-vector, v(x) is 
the electron-ion pseudo potential, S(x) the static 
structure factor, e, m the electronic charge and 
mass, respectively, z the number of free electrons 
per ion and Q the atomic volume. 

In case of systems containing d-electrons it is 
necessary to replace the pseudo-potential by the 
f-matrix [6], i.e. 
v(q)->t{q, EF) 

= - 2 j r Ä 3 z / [ ß m ( 2 m ^ F ) i / 2 ] 
(2) 

• 2 (21 + 1) sin di {EF) exp [i di (#F)] 

• Pl [cos 0(g)], 
where EF denotes the Fermi-energy, di is the scat-
tering phase shift for the Ith partial wave and 
sin[#(g)/2] = x. 

Substituting (2) into (1) yields 
l 

q = A $\Zi{x)\zS(x)±xS&x, (3) 
o 

where A = 67r3Ä32/(e2m and Zi(x) is an 
abbreviation for the sum in (2). If one considers the 

0340-4811 / 82 / 1100-1235 $ 01.30/0. - Please order a reprint rather than making your own copy. 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



1236 G. Fritsch et al. • Pressure- and Temperature-Dependence of the Electrical Resistivity 

T-dependence of Q, then the only relevant contribu-
tion comes from the static structure factor $(#), 
since the other quantities depend only weakly on T 
via the thermal volume expansion. This effect may 
be safely neglected. Such a conclusion is no longer 
valid when varying the pressure since all factors 
in (3) depend on the volume, i.e. A, Ei(x) as well 
as S (x). Whereas the T-dependence has been widely 
discussed in literature [1, 2], the F-dependence has 
not. Therefore, we would like to present this analy-
sis for small relative volume changes AV/V <^1. 

The static structure factor S (x) can be written to 
a good approximation as [7] 

S(x) = i + [So(x)-i] 
•exp[-2W{T,V,x)]. (4) 

Here is the structure factor defined by the 
atomic equilibrium positions. It is assumed that 
the structure does not change under pressure, ex-
cept for a change of length scale. Under these as-
sumptions SQ(X) does not vary with F, since x is 
independent of this length scale. 

2 W (T, V, x) denotes the Debye-Waller exponent. 
For T > 0/2, it is 

2W{T, V,x) = B(V, T)x*T (5) 

with £ = 1 2 £ 2 4 ( F ) / [ i f kB62{T, F)]. 
Here M is the atomic mass and 0 (F, T) the Debye-

temperature. 0(F, T) can be defined by fitting the 
specific heat to the Debye-expression. For amor-
phous metallic systems 0 should depend on tem-
perature explicitly. The reason is that in these sys-
tems the transverse modes [8] seem to be apprecia-
bly softer than in the crystalline case. At low tem-
perature these modes should dominate the specific 
heat and hence produce a lower 0. We denote the 
high temperature limit by 0H- In addition one 
should keep in mind, that (5) is the high tempera-
ture approximation valid for 77>0H/2. At lower 
temperatures one should expect a more complicated 
behaviour [7], The Debye-Waller factor can be ex-
panded in most cases, since 2 W(T, V, x)<.5 • 10 -2. 
Using this approximation together with (4) and (5), 
(3) may be written as 

Q(T, V) = Q0(V) + QT(V,T) (6) 

with 

po(F) = A (F) f | Et (x, F)|2£0(*) 4 d x (7) 
"o 

and 
QT(V, T) = - A ( V ) B ( V , T)T (8) 

l 
• f |Ei{x, F)|2[S0(z) - l ]4z5dz. 

o 

The explicit T- and F-dependences of the quanti-
ties A, B and EI(x) have been indicated in (7) and 
(8). At higher temperatures T > 0H , B{ V, T) should 
become independent of T, since 0(F, T) -> 0H(F). 
In this case it follows that QT[V, T) = QT(V)T. 

3. The Pressure Dependence of the Resistivity 

Now let us consider the volume dependence of (7) 
and (8) in the limits (V - F0)/F0 = A F/F0 ^ 1. We 
will use a formulation for ^FIF) which will allow 
to incorporate the effects of d-electrons, i.e. we take 

EF(V) = H*k2F(V)l{2M[kF(V), V ] } . 

Furthermore, applying &f(F) = (3 7r2 ziVo/ F)1/3 with 
ATo Avogadro's number, we get from (7): 

Q0(V) = A0\\EL(x, F o ) 1 2 $ 0 ( 2 ; ) 4 a ; 3 

ö 
• [1 + o"o ( z ) (A VI Fo ) ] dx (9) 

with 
O0{x) = \ + 2AF{x), (10) 

where 
2AF(x) = 2AT(x)-(ß + L), 

AI(x) = (\EI(x, Fo)!)"1 

• [d I EI(x, F ) | /d ln V]V=V0, (11) 

ß = [dln(m^F ) /dln V]V=V0 

and 
A 0 = 6 7 i 3 h 3 z l ( e * m k l 0 E F 0 a 0 ) . (12) 

The subscript zero denotes quantities at P = 0. In 
case that W[&F(F), F] does not depend on Ä;F(F), 
we will get the free electron value for ß, which is 
— 2/3 and consequently Af { (x ) = Ai(x). 

In the same way wre calculate from (8): 
OT{V, T) = -A0B0(T)T 

• \ \ EI ( x , Fo) 12 [$o { x ) — 1] 4 z5 
0 

'[l + AT(x)(AVIV0)]dx (13) 

with 
AT(x) = 2 y G - \ + 2AF{X). (14) 
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Here yo denotes the Griineisenparameter, defined 
as yo = — (01n 6(V, T)/8 ln V)TyVa. In this approxi-
mation we consider yo, to be a constant. 

Bo (T) = 12 hi k*0/[M kB 61 (T)]. (15) 
The pressure dependence is easily calculated by 
taking 

AVIV0=-xP, (16) 
where x denotes the isothermal compressibility. 

4. Approximation for d-Electrons System 

Next, we would like to introduce a simplification 
by assuming that the resistivity is dominated by the 
scattering of d-electrons (1 = 2). The d-contribution 
to the ^-matrix appears mainly at x zu 1, because 
the quantity P2[cos -&(q)] in (2) varies with x ac-
cording to 

P2(X) = 1 _ 6*2 -f 6a;4. 

Considering the function $o(a;), which peaks at 
x = l, and the factors x3 and x5 in the integrals, 
respectively, one can replace So(x) by $o(l) = 
S0(2kF0) and [Z2(x, F0)]2 by 

[272(l,F0)]2 = 25sin2 d2(EF0,V0). 
This is also done in the parameters 

Ai(x) pa Ai(\.) = Ai 
(see (9) and (11)). In the case of d-electrons, this 
yields 

A2 = ctg<52(#FO, Fo) 
• [dd2(EF, F)/dln V]V==V0. (17) 

With these approximations we derive from (9) 
Qo(V) = Qoo[l + ao(AVIVo)] 

= eoo[l - a 0 P ] , (18) 
and similarly from (13) 

QT(V, T) = QTo(T) [1 + OT(AVIVO)] 
= Qto(T)[1-oltP] (19) 

with 
poo = 5 Ao sin2 d2 (EFo, F0) 

• S 0 ( 2 k F 0 ) (20) 
and 

80 
e TO (T) = - — A o Bo (T) sin2 d2(EF0, F0) 

•[S0(2kF0)-l]T 
= Q t o T , (21) 

if B0(T) is independent of T, 

where (see (10), (14) and (16)) 
ao = \ + 2Af, 
0c0 = ( i + 2 A l f f ) x and (22) 

(Tt — 2 y a — J + 2 zl| f f , 
ocT = ( 2 y G - i + 2A? f )x . (23) 

5. Experimental Data 

For binary or ternary alloys [6] (1) has to be ex-
tended in order to incorporate the partial structure 
factors and the various pseudopotentials. However, 
for a qualitative analysis we would like to ignore 
this complication and replace the amorphous alloy 
by an artificial "element", based on average quanti-
ties. In this case the term v(x)2S(x) in the Ziman 
integral should read 

[c1c2(v1(x) — v2(x))2 

+ (civ1(x) + c2v2(x))*S(x)], (24) 
where the Cf's are the concentrations and the 
the pseudopotentials of the two components. An 
estimation of this expression for v\ (;r) an v2 (x) ^ v (x) 
yields v2 (x) S (x), and for the case v (x) = vi(x) > v2(x) 
it gives roughly 0.5 v2(a;)$(a;). In the latter case 
it was assumed that Ci = 0.7 and 8(x)^2 (d-elec-
tron-case). Hence, we estimate that this procedure 
introduces an uncertainty in the absolute magnitude 
of the resistivity of not more than a factor of two. 

We would like to compare the experimental re-
sults obtained for the amorphous d-electron alloys 
Ti5oBe4oZrio [10], Pd3oZr70 [9], Cu40Zr60 [9] and 
Cu57Zr43 [10] with the predictions derived from the 
model outlined above. A least squares fit to the 
date according to 

Q(P, T) = QO(P) + Qi(P)T + Q2(P)TW (25) 

proved to be a good phenomenological description 
of the data. By introducing the notation 

e<(P) = M l - a i P ) (26) 

for i = 0 to 2, the results given in Table 1 can be 
derived. In view of accuracy of the data 

(AQIqk 10-5, AP/P & 5 • 10-2) [9] 
only a linear P-dependence has been assumed. 

6. Discussion 

a) T-dependence for P — 0 
The temperature-dependence of the resistivity is 

described b}̂  (19). Within the model given here the 



1238 G. Fritsch et al. • Pressure- and Temperature-Dependence of the Electrical Resistivity 

Table 1. Results from a fit of (25) and (26) to the data. The Ti50Be4oZrio sample (I) corresponds to thickness of 35 [Jim, 
the sample (II) to 40 ji.m ( ± 2 um), ([a] For literature see [10].) The error bars given do not include the uncertainties in 
the geometrical factors of about 10%. 

Alloy Pd3oZr7o Cu40Zr60 Cu57Zr43 Ti5oBe4oZrio (I) Ti50Be4oZrxo (II) 

eoo/fxßcm 148 ± 2 180 ± 2 224 ± 2 247 ± 5 246 ± 5 
Ql0/nÜ cm K - l - (57 ± 2 ) - (60 ± 10) - (51 ± 1 ) - (103 ± 3 ) - (95 ± 3) 
Q2o/nQ cm K-3/2 1.7 ± 0 . 1 1.8 ± 0 . 1 1.20 ± 0.05 2.8 ± 0.2 2.6 ± 0 . 1 
oco/GPa-1 • 102 1.05 ± 0.07 1.3 ± 0 . 1 0.73 ± 0.09 0.9 ± 0.1 0.95 ± 0.1 
a i /GPa - 1 • 102 3.2 ± 0 . 1 2.9 ± 1.2 2.9 ± 0 . 2 2.7 ± 0.2 2.4 ± 0 . 5 
a 2 /GPa- i -10 2 3.1 ± 0 . 4 3.0 ± 0.7 4.8 ± 0 . 5 3.6 ± 0.3 2.8 ± 0 . 3 
* / m 3 J - 1 . 1 0 " 1.0 [a] 1.0 [a] 0.96 [a] 1.02 [a] 1.02 [a] 

relevant factors originate from the Debye-Waller 
exponent. With the aid of (15) and (21) we may 
write 

QT(V0,T)~ -T/doHT) (27) 

for T>0HO/2. The index 0 indicates P = 0. 
As was already discussed, the Debye-temperature 

0(T) should decrease with decreasing temperature 
T. However, at higher temperatures T > Oho , it 
should become a constant. These facts wrould imply 
an increasing slope of the linear term in T with de-
creasing temperature and a constant slope for 
T > 0HO • Qualitatively such a behaviour is observed, 
at least at lower temperatures. However, quantita-
tively the Debye-temperature 6(T) is not a constant 
for T>0h_o: This behaviour is shown in Fig. 1, 
where @o(T) was determined as follows. From (25) 
we have in case of P — 0: 

g(0, T) = poo + pio 
'[i + (Q2olQio)TW]T, (28) 

where the notations introduced by (26) have been 

•Pd3oZr7o oTi50Betf)Zr10 

6Ho = 180K 6Ho=425K 

0 100 200 300 T/K 
Fig. 1. Normalized Debye-temperature 0O(T)/0HO at P = 0 
as a function of temperature T for the alloys Pd3oZr7o and 
Ti5oBe4oZrio: The lines are drawn as a guide to the eye. 

used. The numerical values of the quantities pto are 
given in Table 1. 

After comparison with (27) and proper normaliza-
tion, (28) yields 

0 o ( r ) / 6 > E o = { [ i + W M O 

[1 + (e2o/M? 7 1 / 2 ] } 1 / 2 - (29) 

This function has a pole at 

r = ( - p i o / M 2 > 1 0 3 K . 

It shows parabolic behaviour at lower temperatures. 
The ratio Q2O/QIO is always negative. 

Since, above (9HO> the Debye-temperature 0Q(T) 
doesn't converge towards a limiting value, there 
should be additional temperature dependent terms, 
if the Ziman-model is correct. These terms are not 
included in the simple formulation of (4) and (5). 

However, when discussing the total value of the 
resistivity below, we need the prefactor of the 
linear term in T, i.e. £>to = [dor(F, T)ldT]v=Vo. 
In view of the behaviour described above, we de-
cided to define this quantity as the derivative of 
(25) for BQ = const, taken at T = 0HO- Hence, we 
m a y wTite 

0ro=[d{?T(F, T)ldT]T=0no 
V=Vo 

= eio + f { ? 2 o 6 ^ 5 - ( 3 ° ) 

In order to check this assumption, we evaluated 
S0(2 km) from the ratio of (20) and (21). The results 
are given in Table 2. The numbers used in the cal-
culations are summarized in Table 3. The data 
for the Ti5oBe4oZrio-alloy have been extrapolated 
with the aid of (25), since Oho = 425 K is above the 
temperature range examined. The results for 
$O(2&FO) are not unreasonable, being close to twro. 
In view of the uncertainties involved, the situation 
P =j= 0 is not considered here. 
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Table 2. Results for the amorphous alloys. The TisoBe^Zrio sample (I) corresponds to a thickness of 35 ;xm, the sample 
(II) to 40 jxm ( ± 2 ptm). 

Alloy Pd3oZr7o Cu4oZr6o Cu57Zr43 Ti50Be40Zr10 (I) Ti5oBe4oZno (II) 

- dg/dTL nQ cm K~i 
S0(2kF0) H° 
Ae ff 
Yd 
z 
sin2 Ö2 {EFO > Fo) 

23 ± 3 
2.2 ± 0.4 
0.4 ± 0.1 
1.4 ± 0 . 1 
3.7 ± 0.4 
0.012 

24 ± 10 
1.7 ± 0.7 
0.5 ± 0.1 
1.2 ± 0.4 
2.2 ± 0.3 
0.025 

22.8 ± 1.6 
2.1 ± 0 . 3 
0.21 ± 0.05 
1.4 ± 0 . 2 
3.1 ± 0 . 1 
0.051 

16 ± 7 
2.0 ± 0.9 
0.3 ± 0.1 
1.2 ± 0.2 

2.9 ± 0 . 1 
0.036 

21 ± 4 
2.1 ± 0.4 
0.3 ± 0.1 
1.1 ± 0.2 

b) P-dependence 
If the compressibilities are known (see Table 1), 

the pressure dependence of the data should be 
governed by the two parameters Zl|ff and yo as 
given by (22) and (23). According to these equations 
we have for the phaseshift parameter 

Z l | f f = ( a 0 / * - | ) / 2 (31) 

and for the Grüneisen parameter 
yG = (aT-ao ) / (2x ) + i . (32) 

Equation (32) is independent of Zl|ff. Since ai 
in most cases, we use ai = aT- The results for Aff 

and yo are also summarized in Table 2. The values 
obtained for yG turn out to be between one and 
two. An analysis of the TC(P) properties of Pd3oZr7o 
as well as Cu4oZr6o yields yG = 1.4 and 1.2, respec-
tively [11], in good agreement with the numbers 
evaluated here. 

Next, we would like to comment on the magni-
tude cf the parameter A 2 as given by (17). Since Aff 

contains the derivative of the product mE-p with 
respect to the volume V, A 2 cannot be determined 
from the present analysis. 

However, ß = [d ln (mEF)ld In F)Fo may be eval-
uated in the case of a nearly free electron-gas, where 
it takes the value —2/3. Hence we have A2 = A f f . 
As d2 (EFO , Fo) < 1 in the spirit of the Ziman for-
mulation (see also Table 2 and below), inspection 
of Table 2 shows that [d<52/dln F ] f = V o > 0. There-
fore [d<52/dP]p=o should be negative. This quantity 
depends on the position of the d-bands with respect 

to the Fermi-energy. It is not known how these 
parameters will change with pressure. Thus, further 
discussion must await theoretical predictions. 

c) Total Value of the Resistivity at P = 0 
According to (12) and (20) the constant part of 

the resistivity £00 is given by 
poo = C (z/Q0) sin2 d2 (Efo , F0) S0 (2 kF0) (33) 

with 
C = 60 ji3hI(e2kFo) • 

In order to obtain a second equation for the deter-
mination of the parameters z/Qo and sin2<52, we 
apply a relation between the electron-phonon cou-
pling-constant X and the T-dependence of the resis-
tivity at high temperatures [12]: 

X= [e*Hz/(±71 mkBOo)] (21/16) 

• [$o (2 &FO) — I ] - 1 • (34) 

Use this result and (21) for T > 0 H / 2 yields 
A = D (z/Qo)2 sin2 Ö2 (Evo, F0) (35) 

with 
D = 907i2h«l[m2MEFo(kB &Ho)2] 

= 180 J R 2 h 4 / [ m M k F 0 ( k B *9HO)2] • 

Equations (33) and (35) define two conditions for 
the parameters sin2 d2 (EFO , Fo) and the electron 
density Z/QQ . In case of Pd3oZr7o and Cu4oZr6o the 
X- values are known from an analysis of the pressure-
dependence of the superconducting transition tem-

Table 3. Some characteristic values for the 
amorphous alloys considered. The A-values in-
dicated by * are estimated as described in the 
text, ([a] For literature see [10].) 

Alloy Pd3oZr7o Cu40Zr6o Cu57Zr43 Ti50Be40Zri0 

M/kg • 1027 159 133 126 60.9 
A>/m 3 -10 3 0 18.64 [a] 17.74 [a] 17.05 [a] 14.75 [a] 
0HO/K 180 [a] 180 [a] 245 [a] 425 [a] 
jfcFo/nm-i 14 [a] 14 [a] 14 [a] 13.8 [a] 
A 0.62 [a] 0.55 [a] 0.24* 0.25* 
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perature Tc [11]. In the other cases they were 
estimated from McMillan's expression for Tc using 
Tc's around 0.5 K as well as ^* = 0.09 [11], The 
relevant data and the results are also given in 
Tables 2 and 3. The number of conduction elec-
trons per ion 2 turns out to be between 2 and 4, if 
$O(&FO) = 3 is assumed. Using $o(2 &FO) = 2 instead 
would reduce the numbers by a factor of 2/3, since z 
is proport ional t o $O(2&FO)-

7. Conclusion 

It was shown that the Ziman-formulation of the 
electrical resistivity is able to describe the experi-
mental results for amorphous d-electron alloys. This 
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